An approach is proposed to calculate Generalized Parton Distributions (GPDs) in a Constituent Quark Model (CQM) scenario. The GPDs are obtained from momentum space wave functions to be evaluated in a given non relativistic or relativized CQM. The general relations linking the twist-two GPDs to the form factors and to the leading twist quark densities are consistently recovered from our expressions. Results for the leading twist, unpolarized GPD in a simple harmonic oscillator model are shown to have the general behavior found in previous estimates. Further natural applications of the proposed formalism are addressed.
Introduction
In recent years, Generalized Parton Distributions (GPDs) have become one of the main topics of interest in hadronic physics (for recent reviews, see, e.g., [1, 2, 3, 4, 5] ). GPDs are a natural bridge between exclusive processes, such as elastic scattering, described in terms of form factors, and inclusive ones, described in terms of structure functions. As it happens for the usual Parton Distributions (PDs), the measurement of GPDs allows important tests of non-perturbative and perturbative aspects of the theory, QCD, and of phenomenological models of hadrons. Besides, GPDs provide us with a unique way to access several crucial features of the structure of the nucleon. In particular, as pointed out first by Ji [6] , by measuring GPDs a test of the Angular Momentum Sum Rule of the proton [7] could be achieved for the first time, determining the quark orbital angular momentum contribution to the proton spin. Therefore, relevant experimental efforts to measure GPDs, by means of exclusive electron Deep Inelastic Scattering (DIS) off the proton, are likely to take place in the next few years [8, 9] . In this scenario, it becomes urgent to produce theoretical predictions for the behavior of these quantities. Several calculations have been already performed by using different descriptions of hadron structure: bag models [10, 11] , soliton models [3, 12] , light-front approaches [13] and phenomenological estimates [14, 15] . Besides, an impressive effort has been devoted to study higher twist GPDs [16] and their perturbative QCD evolution [17] .
So far, to our knowledge, no calculations have been performed in a Constituent Quark Model (CQM), although a step towards this can be found in [4, 18] , where the non relativistic limit is shortly discussed. The CQM has a long story of successful predictions in low energy studies of the electromagnetic structure of the nucleon. In the high energy sector, in order to compare model predictions with data taken in DIS experiments, one has to evolve, according to perturbative QCD, the leading twist component of the physical structure functions obtained at the low momentum scale associated with the model. Such a procedure, already addressed in [19, 20] , has proven successful in describing the gross features of standard PDs by using different CQM (see, e.g., [21] ). Similar expectations motivated the present study of GPDs. In this paper, a simple formalism is proposed to calculate GPDs from any non relativistic or relativized model. By using such a procedure, the GPDs can be easily estimated, providing us with an important tool for the planning of future experiments.
The paper is structured as follows. After the definition of the main quantities of interest, the proposed calculation scheme is introduced in the third section. Then, results obtained in a simple harmonic oscillator model are shown in the following section. One should be aware that by no means we pretend to be predictive by using such a model. It is just an example to show how the scheme works. Further applications of the procedure, using more realistic models and including perturbative evolution from the scale of the model to the experimental one, are in progress and will be presented elsewhere [22] . Conclusions are drawn in the last section.
General formalism
We adopt the formalism introduced by Ji, who called GPDs "Off-forward parton distributions" in [6] . The connection of these quantities with the "Non diagonal" ones introduced in [2] is discussed in [5, 15] and can be easily obtained.
We are interested in diffractive DIS processes. The absorption of a high-energy virtual photon by a quark in a hadron target is followed by the emission of a particle to be later detected; finally, the interacting quark is reabsorbed back into the recoiling hadron. If the emitted and detected particle is, for example, a real photon, the so called Deeply Virtual Compton Scattering [6] process takes place. Let us think now to a nucleon target, with initial and final momenta P and P ′ , respectively. The GPD H(x, ξ, ∆ 2 ), the main quantity we deal with in the present paper, is introduced by defining the twist-two part of the light-cone correlation function
where ∆ = P ′ − P is the momentum transfer to the nucleon, ellipses denote highertwist contributions, ψ is a quark field and M is the nucleon mass. In obtaining Eq. (1), a system of coordinates has been chosen where the photon 4-momentum, q µ = (q 0 , q), andP = (P + P ′ ) µ /2 are collinear along z. The ξ variable, the so called "skewedness", parameterizing the asymmetry of the process, is defined by the relation ξ = −n · ∆, where n = (1, 0, 0, −1)/(2Λ) and Λ depends on the reference frame, being, for example, Λ = M/2 in the nucleon rest frame. The ξ variable is bounded by 0 and
Besides, one has t = ∆ 2 = ∆ 2 0 − ∆ 2 . In the r.h.s of Eq. (1), the dependence of the light-cone correlation function on the GPDs H(x, ξ, ∆ 2 ) and E(x, ξ, ∆ 2 ) is explicitly shown. By replacing, in the above equation, γ µ with the proper Dirac operator, similar expressions can be derived for defining polarized or chiral odd GPDs [6] . In the following we will only discuss the unpolarized, chiral even, twist-two GPD H(x, ξ, ∆ 2 ). As explained in [6] , unlike the usual PDs, which have the physical meaning of a momentum density in the Infinite Momentum Frame (IMF), GPDs have the meaning of a probability amplitude. GPDs describe the amplitude for finding a quark with momentum fraction x + ξ/2 (in the IMF) in the nucleon and replacing it back into the nucleon with a momentum transfer ∆ µ . Besides, when the longitudinal momentum fraction of the quark is less than −ξ/2, GPDs describe antiquarks; when it is larger than ξ/2, they describe quarks; when it is between −ξ/2 and ξ/2, they describepairs. There are two natural limits for the H(x, ξ, ∆ 2 ) GPD: i) when P ′ = P , i.e., ∆ 2 = ξ = 0, the so called "forward" or "diagonal" limit, one recovers the usual PDs
ii) the integration over x is independent on ξ and yields the Dirac Form Factor (FF)
Any model estimate of the GPDs has to respect the above two crucial constraints.
A Non-Relativistic Scheme
Our aim now is to evaluate the Impulse Approximation (IA) expression for the GPD H(x, ξ, ∆ 2 ), suitable to perform CQM calculations. Let us start from Eq. (1). Substituting the quark fields in the left-hand-side one has
and, taking into account the quarks degrees of freedom only, it becomes
Using IA and integrating over λ yields
Let us introduce ξ = −n · ∆, so that Eq. (1) reads now:
which holds exactly if the antiquark degrees of freedom are not considered. In fact, the l.h.s. is evaluated in IA and the r.h.s. is the leading-twist part of the light-cone correlation function, so that they have the same physical content.
Using now the Gordon identitȳ
in the l.h.s. of Eq. (4), because of its Lorentz structure, one is allowed to write two equations:
and i r,r ′ , k
For the moment, we are interested in Eq. (5). By taking the zero-components in the left and right hand sides of it, performing the Non-Relativistic (NR) limit in the Nucleon rest frame and considering a process with ∆ 2 ≪ M 2 (see the Appendix), one obtains
where k + = k 0 + k 3 has been introduced. In order to evaluate this expression by means of a CQM, one has to relate it to nucleon wave functions. The normalization of NR nucleon states is chosen to be
Besides, in a NR framework, for a symmetric wave function (as the one given in a NR quark model once color has been taken into account), one has (see, e.g. , [23] )
where the one-body non diagonal charge density
and the one-body non-diagonal momentum distributionñ( k, k + ∆) have been introduced. In terms of the latter quantity, Eq. (7) can be written
The above equation, which is our basic result, allows the calculation of the GPD H(x, ξ, ∆ 2 ) in any CQM, and it naturally verifies the two crucial constraints, Eqs. (2) and (3). In fact, the IA, NR unpolarized quark density, q(x), is recovered in the forward limit when ∆ 2 = ξ = 0:
so that the constraint Eq. (2) is fulfilled. In the above equation, n( k) is the momentum distribution of the quarks in the nucleon:
As is well known, the relation between the quark momentum distribution and the quark unpolarized density, Eq. (11), can be found by analyzing, in I.A., the handbag diagram, i.e., the leading twist part of the full DIS process (see, e.g., [23, 24] ), assuming that the interacting quark is on-shell. So, from Eq. (10), obtained as the IA, NR limit of the light-cone correlation function, the IA, NR quark density is obtained as the forward limit. Besides, integrating Eq. (10) over x, one trivially obtains:
where ρ( r) = lim r ′ → r ρ( r ′ , r) is the quark charge density. The r.h.s. of the above equation gives the IA definition of the charge FF
so that, recalling that F (∆ 2 ) coincides with the NR limit of the Dirac FF F 1 (∆ 2 ), the constraint Eq. (3) is immediately fulfilled.
Let us introduce now the following sets of conjugated intrinsic coordinates
in terms of which, in a coordinate system where R = 0, the FF Eq. (13) can be written [18, 25] 
and the GPD H(x, ξ, ∆ 2 ), Eq. (10), by substituting Eq. (9) into Eq. (8), reads
One immediately realizes that Eq. (14) is obtained from Eq. (15) by performing the x integration. With respect to Eq. (10), a few caveats are necessary. First of all, due to the use of CQM wave functions, which contain only constituent quarks (and antiquarks in the case of mesons) degrees of freedom, only quarks (and antiquarks) GPDs can be evaluated, i.e., only the region x ≥ ξ/2 (and also x ≤ −ξ/2 for mesons) can be explored. In order to introduce the study of the sea region (−ξ/2 ≤ x ≤ ξ/2), either a substructure of the constituent quark, as proposed by several authors [26, 27, 28] , or the evolution to a high momentum scale, should be implemented.
Secondly, stating that Eq. (10) holds in the NR limit, we are not only saying that CQM dynamics is essentially NR, but also that the momentum transfer, in the process under investigation, fulfills the condition ∆ 2 ≪ M 2 (see Appendix). Relativistic corrections have to be included if one wants to treat more general processes.
Finally, in the argument of the δ function in Eq. (10), due to the used approximations, the x variable is not defined in its natural support, i.e. it can be larger than 1. Although the support violation is small in most models, this problem has to be considered a serious drawback of all CQM calculations of parton distributions, in particular if pQCD evolution of the model prediction is performed. Several prescriptions have been proposed in the past to overcome such a difficulty in the standard PDs case [20, 21] . A thorough discussion of the support problem is beyond the goal of the present paper, and will be included in a following one [22] .
We stress that our definition of the GPD H(x, ξ, ∆ 2 ) in terms of CQM momentum space wave functions can be easily generalized to other GPDs, and the relation of the latter quantities with other FFs (for example the magnetic one) and other PDs (for example the polarized quark density) [22] can be recovered. Therefore the proposed scheme allows one to calculate GPDs by using any NR or relativized [27] CQM, and it is also suitable to be implemented by corrections due to a possible finite size and complex structure of the constituent quarks, as proposed by several authors [26, 27, 28] .
Results in a simple quark model
As an illustration, in this section we present the results of our approach in a harmonic oscillator (h.o.) model. The corresponding wave function in momentum space reads [24, 25] 
where the h.o. parameter can be fixed to α 2 = 1.35f −2 in order to reproduce the low t behavior of the charge FF, i.e., the r.m.s. value of the proton radius. By inserting the above wave function in the FF definition, Eq. (14), one gets trivially
Let us take now Eq. (15) and consider first its "forward" limit, ∆ 2 = ξ = 0. Substituting in the w.f. Eq. (16), one easily obtains:
where the integration limit k − (x) is
and m q is the quark mass. This is the same expression obtained in [24] starting from Eq. (11), using n( k) corresponding to the present model (called "model 1" in [24] ):
Finally, we list the full result for the GPD, Eq. (15), as given in the present model:
andk 0 = m 2 q + k 2 x + k 2 y +k 2 z , i.e., the interacting quark has been assumed to be on shell. Results are shown in Figs. 1 to 4 . The behavior of the FF, Eq. (17), is shown in Fig. 1 . As it is well known [25] , such a FF severely underestimates the data for −t > 0.2 GeV 2 . The model used is too naive to be phenomenologically predictive, however, it serves to give an illustration of our calculation scheme and to understand the physical meaning and the behavior of the GPDs. More realistic estimates are in progress and will be given in a following paper [22] . Since we are using an SU(6) spin-isospin wave function, in order to obtain the u and d flavor contributions to the FF, one has to multiply Fig. 1 Fig. 2 , we show the t dependence of our results. Eq. (18) corresponds to the full line. One immediately realizes that a strong t dependence is found, in comparison with other estimates, for example, with the one predicted in [10] . This has to do, again, with the h.o. model and with the already discussed too a strong t dependence of the FF. In Figs. 3 and 4 we have the full t and ξ dependences. These are similar to the ones obtained in [10] , although the ξ dependence is stronger. Concerning the flavor decomposition, in order to obtain the u and d flavor contributions to the GPDs, one has to multiply Figs. 2 to 4 by 2 and 1, respectively.
Our results for H(x, ξ, ∆ 2 ) correspond to the low momentum scale associated with the model. In order to compare them with the data which are going to be taken in future experiments, one has to evolve them to the experimental high-momentum scale. The analysis of the pQCD evolution of the model calculations of GPDs is beyond the goal of the present paper, is in progress and will be presented elsewhere [22] .
Conclusions
Generalized Parton Distributions (GPDs) are a useful tool to access several relevant features of the structure of the nucleon, such as the angular momentum sum rule. A systematic theoretical study of many aspects of these objects started few years ago and it is being carried on in these years. The future experimental effort to measure GPDs is also ambitious, and, in this respect, theoretical estimates will be necessary for the planning of future experiments. In the present paper we propose a simple, general formalism to investigate GPDs by means of Non Relativistic or Relativized Constituent Quark Models. Starting from the general field-theoretical definition of the related light-cone correlation function, by performing an Impulse Approximation analysis and the Non-Relativistic limit, the unpolarized, leading-twist GPD H(x, ξ, ∆ 2 ) is obtained in terms of the nucleon wave functions in momentum space. From the obtained expression, the quark momentum density is recovered as the forward limit, and the charge Form Factor as the x integral. Results for the GPD H(x, ξ, ∆ 2 ) in a simple harmonic oscillator model are shown to have the general behavior obtained in previous estimates. The proposed approach can have many interesting developments, such as the use of more realistic models, the inclusion of perturbative evolution from the scale of the model to the experimental one, the addition of corrections due to relativistic dynamics, or the ones due to a possible finite size and complex structure of the constituent quarks, as proposed by several authors.
where use has been made of the spinor definition used, e.g., in [29] and
Since, in the NR limit, A → 1 and B → 0, one finds:
In the same way, taking the 0-component in the r.h.s., one has H(x, ξ, ∆ 2 )Ū(P ′ )γ 0 U(P ) = H(x, ξ, ∆ 2 )Ū + (P ′ )U(P ) = = H(x, ξ, ∆ 2 )φ
Assuming ∆ 2 ≪ M 2 , in the nucleon rest frame, in the NR limit, one has C → 1 and D → 0, so that
Therefore, by using Eqs (24) and (25) 
